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Abstract

The method of joint probability distributions is applied
for the estimation of two-phase and three-phase
invariants when anomalous scatterers are present. The
conclusive formulae are von Mises functions and give
expected values of the phases lying anywhere between 0
and 27 without ambiguity.

Symbols and notation

h=(hkUl)
[=f i

vectorial index of a reflection
atomic scattering factor; f” is its real
part and may include an anomalous
real effect, /'’ is its imaginary part,
thermal factor is also included

N number of atoms in the unit cell
F,=F; + F;' structure factor with vectorial index h,
where

N
F, = % f{ exp 2nihr;
j=1

S exp 2nihr;

N
Fy=iy
j=1

E, normalized structure factor
R, ¢, modulus and phase of E,,
G,, v, modulus and phase of E_,.
Other locally used symbols are defined in the text.

1. Introduction

Anomalous scattering effects occur because the atomic
scattering factor is in general a complex number so that
at a given wavelength a scattering component F}’ for F,
arises which has a phase advance over the F
component. Because of this phase difference the
structure amplitudes F, and F_, of Friedel pairs of
reflections are unequal for non-centrosymmetric
crystals.
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Anomalous dispersion methods are traditionally
used: (i) to determine the absolute configuration of
molecules and to resolve the well known twofold
ambiguity in the phases determined by the single
isomorphous replacement method (Bijvoet, 1949, 1951,
1954); (ii) to determine the position of the anomalous
scatterers by a Patterson synthesis with {|F,| — |F_,(}?
coefficients (Rossmann, 1961).

The advent of synchrotron radiation as a tunable
source for X-ray diffraction experiments has opened
new prospects for the methods of crystal structure
determination, particularly for the X-ray analysis of
proteins. Indeed, the tunability of synchrotron radiation
allows the use of a wavelength for which the anomalous
component of the scattering factor even for not-
so-heavy atoms becomes rather large. In this way it is
no longer necessary to introduce heavy atoms in the
protein structure in order to secure non-negligible
anomalous dispersion effects.

The joint probability distribution methods have
already been applied by several authors to structure
factors with complex scattering factors. Parthasarathy
& Srinivasan (1964) derived the statistical distribution
of the difference in intensity between Bijvoet pairs of
reflections.

Kroon, Spek & Krabbendam (1977) successfully
incorporated anomalous dispersion techniques into
direct methods by means of a procedure which
generalizes the classical method of phase deter-
mination from Bijvoet inequalities and involves the
estimation of sine invariants. As in the classical case a
twofold ambiguity (a, 7 — @) persists in the estimates of
the invariants and no probabilistic criterion was
suggested for ranking the estimates in order of
accuracy. In a subsequent paper Heinerman, Krabben-
dam, Kroon & Spek (1978) presented a statistical
approach which leads to a joint probability of the phase
Oy = ¢, + ¢, + @57 of a triple product and ¢, = ¢_,, +
®_ + @y .\ the Friedel-related triple product. The new
approach gives more accurate estimates of the sine
invariants but is unable to overcome the twofold
ambiguity (a, 7 — ). Since their theory uses triple-
product magnitudes and not the magnitudes of the
individual structure factors, the authors suggested the
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use of the joint probability distribution function P(E,,
E ., E, E_, E,.\ E;y75) in order to calculate more
accurate values of the invariants. At the XIIth IUCr
Congress in Ottawa, Hauptman (1981) presented some
results arising from the study of the joint probability
distribution P(R,, Gy, %, ¥,)- On the same occasion
results were also presented concerning the study of the
six-variate aforementioned joint probability distri-
bution P(E,, E,, E, , \, E_y, E_, E_;, _,)- Let us denote

R,=1E,l, R,=IE\|, Ry=IE,
G, =I1E,l, G,=I1E_l, Gy;=I1E,_.l,
1= Ons 0= s O3 =0p. x>
Vi=0_p V2= 0_ Vi=@_h k-

The three-phase invariants
D, =0,— ¥, — 0y
D=0+ 0,— 03

D=y + ¥, + 0
Pi=y,— 0+ 0y
D=y, +y,—y; D=0, -V, +y,
Pr=Vi—0—¥; =0 +0,+Y;
were estimates, given the six magnitudes R,, R,, Rj,
G,, G,, G;, via unimodal von Mises functions.
According to Hauptman, the expected values of the
invariants lie between 0 and 2z without ambiguity. This
result was unexpected in view of the fact that with the
classical method it is impossible to obtain an unam-
biguous result for the individual structure-factor
phases.

Hauptman’s preliminary account did not give rise to
the supposition that his primitive random variables
were in direct space. For, in a paper on the four-phase
structure invariant in P1 (Hauptman & Green, 1976),
Hauptman still suggests (in polemic with the author of
this paper) that using atomic coordinates as primitive
random variables would lead to a distribution of
structure factors less appropriate than that obtained
when reciprocal vectors are considered as primitive
random variables.

Owing to the controversial results obtained by
Hauptman we started with statistical calculations on
this problem. For the sake of brevity the mathematical
techniques are not described in this paper: a detailed
account of them may be found in a recent book
(Giacovazzo, 1980).

In § 2 the joint probability distribution P(R,, G,, @,
w,) and related distributions are calculated: a com-
parison with a result of Parthasarathy & Srinivasan
(1964) is also given. We explicitly note that these
authors were mostly interested in the distributions of
the diffraction magnitudes and related quantities so
they did not involve phases in their calculations. On the
other hand, their theory is worked out for structures
containing one, two and many anomalous scatterers
(all assumed to be alike) in addition to a large number
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of non-anomalous scatterers. For the sake of simplicity,
in our approach the number of anomalous scatterers is
assumed to be large, even if of different type. Such a
limitation should not be critical, and we expect that the
application of our theoretical result may prove useful
even in the cases in which one or few anomalous
scatterers are present in the unit cell. Furthermore, our
theory does not consider the case of structures with a
large number of anomalous scatterers with a centric
configuration, even if our results hold to a first
approximation. Our conclusive formulas do not depend
on the values of the overall isotropic thermal factor,
which may be supposed unknown. Even if the formulas
were explicitly derived in P1 they may be applied in any
non-centrosymmetric space group provided none of the
three reflections giving rise to the triplet is centro-
symmetric.

In § 3, the six-variate joint probability distribution
function has been derived. In §4 the conclusive
formulae estimating three-phase invariants are given. In
§ 5 estimations are made about the information
provided by the a priori knowledge of the six
magnitudes for the estimation of the triple invariants.

Two new efforts are encouraged by the present
theory: (i) the study of suitable joint probability
distributions for the estimation of three-phase in-
variants when two wavelengths are used for diffraction
data collection. Such work is suggested by the advent
of synchrotron radiation and the relative ease of
performing two-wavelength experiments. The results
could be useful for the structure determination of
proteins on their own or as supports for geometrical
two-wavelength techniques (Cascarano, Giacovazzo,
Peerdeman & Kroon, 1982); (ii) a new formulation of
the theory of representation of structure seminvariants
and invariants (Giacovazzo, 1977) when different sets
of diffraction data arising from the same or iso-
morphous crystals are available.

2. The joint probability distribution P(R,, G, @, ¥,)
and related distributions in P1

In order to give statistical meanings to some basic
parameters frequently used in this and the following
sections we first calculate the characteristic function
C(u,, u, v,, vy) of the distribution P(4,, A_,, By, B_y),
where u,, u,, v,, v, are carrying variables associated
with 4,, A_,, By, B_. A, and A_,, are thereal parts of Ej,
and E_,, respectively, B, and B_, are the imaginary
parts.
We introduce the following notation:

z — .g] (j}n +f}112),
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the average value of |F,|? at a given |hl,

=j§ (f]lz_fiHZ)/Z,

N
c2 = 2 'Zl .f;" .f}”/23
j=

c=[1—(c?+cH
After some calculations we obtain:
Cluys Uy, vy, V) ~ exp{—§(u} + uj + v} + 03)
—gcy(uyuy, —v,0,)
— e, (U0, + uyv))lh 0))

The joint probability distribution P(4,, 4_,, B, B_,) is
the Fourier transform of (1). If we make the variable

changes
u) = u,/\/i, uh = u,/\/2,
vi=0,/\/2, vy=0,/\/2,
A\ =124, A,=./24,,
B, =./2B,, B,=/2B,,
we obtain
P(Al A", B! ) ~ : :
n Alys By, BLy) =~
(27[)2 \/_
1
X exp{— (A2 + A
[ 2\/; 1 2
+ B{*+ B}2—2c, A} 4}
+ 2c,ByB})— 2c, A} B},
- 202A'zB’1)}, (2)

which is a four-dimensional normal distribution. ¢ is the
determinant of the matrix of second-order moments ¢
given by

0 ¢, 1 —cf

¢ 0 —¢; 1

We have thus defined the statistical meanings of ¢,, c,
and ¢ which play a central role in the theory.

By suitable variable changes the more useful
distribution

PR G . 1 R,G, R+ G
’ ’ s = eXp {—
s Ohs Phs W - \/E p \/E

R, G,
+2 [e, cos(@h + ¥)

e

+ ¢, sin(g, + y)] } 3
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is obtained. From (3) other relevant distributions may
be obtained. For example:
(a) The conditional probability distribution function

1 2R, G,
~ €X
QT Ve

x [e, cos(g, + w,)

P(¢y, w4l Ry, Gy)

+ ¢, sin(g, + wh)l}, 4)

where
2R, G,
Ve

Denoting & = ¢, + y,, the more useful conditional
probability distribution

0=

[ 2+c2]l/2

P(®IR,, G,) ~ exp{Q cos(P — g)} (5)

1
27l (Q)
is readily derived, where

¢ C,

cos g = sing=————.
[e? + ¢2]v?

[e2 + 2]V
Equation (5) is a von Mises function. ¢ is the most
probable value of @: a large value of the parameter Q
suggests that the phase relation @ = g is reliable. If c,
goes to zero (no anomalous scatterers) then ¢, goes to 1
and ¢ to zero so that (5) correctly becomes a Dirac
delta function with ¢ = 0.
(b) The marginal probability density

4R, G, R + G}
Ve Ve
In terms of diffraction intensities the distribution (6)

becomes

P(Ry, G) ~ } 1(Q).  (6)

I, + J,

P(1,,J,) ~ \/_ exp{ \/_

where I, = R? and J, = G?. Then the probability
density for 4= |1, — J,| is readily obtained:

} 1,(Q),

1 a4
P(A) = —exp ( W) . )

1/4

If we denote 4, = 4/c'4, from (7) (8) follows:
P(4,) = exp(—4,). (8)

In the Appendix we show that (8) is identical to a
previous result [Parthasarathy & Srinivasan, 1964,
equation (23)].
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3. The joint probability distribution function
PE,ELE,,wE_E_,E_,_,)inPl

We introduce the carrying variables P;, Q;, p;» g5 i =1,
2, 3, associated with R;,, G, @, w;, i = 1,
respectively. We calculate the characteristic function

C(R;, Gy, 95 wp i =1, 2, 3) retaining terms up to 1/y/N

order. Its Fourier transform gives the required joint
probability distribution function

P(Rh Rza R39 G], Gz’ G3’ (019 ¢2’ (p‘j, W[’ Wza W})

© 2n 2n

R.R,R.G.G,G,
~ L3 2 ..| PP P
(27[)[2 1£243
0 0

00

3
X Q,0Q,0Q;exp {—i > [R;P;cos(p;— p;)
i=1

+G,Q;c08(w,— )l — 3 LHPF + O

+ 3¢, P;Q;cos(p; + qy)

+ 30, P Q;sin(p; + gl
—ilt,0,0,P;5cos(q, + g, + p3)
+b,0,0,Pysin(q, + 4, + p3)
+ 6, P, Q,Pycos(p, — g, — ps)
—b,P,Q,Pysin(p, — g, — p;)
+t;0,P,Pycos(g, —p, + ps)
+ b, Q, P, P,sin(q, — p, + p,)
+ t,P,P,Pycos(p, +p, —p,)
+ by P, P,Pysin(p, + p, — p3)
+1,0,0,0;c08(q, + 9, —q3)
+b,0,0,0;sin(g, + q,—q;)
+1;P,0,0;5cos(p, — g, + q3)
+byP Q,0ysin(p, — g, + q5)
+1,0,P,0,cos(q, — p,— q5)
—b,0Q,P,Qysin(g, —p, — q3)
+ 1, P,P,Q;cos(p, + p, + q3)

+b,P,P,Q;sin(p, + p, + ‘h)]] dp,dp,dp;,

x dg,dq,dq;dP,dP,dP,dQ,dQ,dQ;,
where

ey = [ 3 77 —f,—'”] /T

Cp= [g f}'z(k) —f,-”z]/zz,

L=

1=

t,=

by =

5]

by=

I

4

1
(55" &

1
(222" &
-
X 22" &
-
22" &
_ 1
RO Z)Z
!
DIPI W
_ 1
LI &

1
ORLPS

€1 —[ g SiHh+ k)—jj."z] /2.3
2[ g j;’(h)j}"] /24
Cpp= 2[ ; f;'(k)f}"] /2.2

z

C3=2 Z Si(h+ k)f"] /23
2= X LA 2(h) + f7"2],

22: Z [f}'z(k)+_/}"2],

ZJZ Z [_f}'z(l'l-l- k) +f}nz],
Jj=1

N

PRFACFACFACERS)
=7 0) + fi(®) + f (h + K]},
i FAVACOTHO)
+ f{(0) ff(h+ k) + £ (&) £} (h + 0] - f/3},
A i {£7(0) £} (&) £ (B + K)
+ [ =f(h) + ff (k) + f/(h + K)]},
i (Lf5 () 15 ()
+ /() fi(h+ k) — f/(K) f (h+ K] + £/},
S (M) (R £ (h+ k)
+ fi7Lf () — f7 (k) + £ (h+ K],
7 i {f'Lf () £ (k)
=) fi(h+ K+ f7(K) ff (h+ k)] + £},
i {f1(0) f}(K) f}(h + K)
+ £ (h) + (k) — f7(h+ B,
i (5= () £ (K)
+ () f7(h+ k) + £ f} (h+ K] + £/"3).
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The complicated definitions arise from the fact that we S,=(=Z,+ ¢, Z,—cpZy,)/ \/EZ,
cannot assume an identical unitary scattering curve for
the various atoms. After lengthy calculations we obtain Sy=(Zs+cnZs+ nZy)l \/EZ’
the following joint probability density: Sy=(—Zs+ ¢, Zg+ ¢ Z 4)/\/22,
P(Ry, Ry, Ry, Gy, Gy, Gy, 01, 03 035 W1, W, W) Ss=(Z,+ ¢, Z,+ ¢y Zs)/\/gz,
1 1 = (—
~ R R,R,G,G,G _ Se=(=Z3+ ¢, Zy + e Z)\ /ey
(eres¢5) S7=(_ZS+CIZZS_C2ZZI)/\/Ep
X exp Z:—[—R2 Ss= (-2, +chZ6_c2222)/\/EZa
and

+ 20”R, G, cos((p‘ + ) Z, = (t,—cyy t;— Cy b))\ /ey

+ 26, R, Gysin(g; + y)] Z,=({,—cyly + ¢y bz)/\/c_'n

+ T, G, G,R, cos(y, + v, + 9;) Z,=(t;— ¢y ts— Cp b/

+ B,G,G,R,sin(y, + w, +
1G1G,Rysin(y, + w, + 03) Z4=(t2—cutl—c21bl)/\/gl,
+ T,R, G, R, cos(9, — v, — 0;) _(b ‘e e
i nb 21 b3 Crs
+ B,R, G, R, sin(p, — v, — 0,) b ety E
+ T3G, Ry Ry cos(y, — 0, + 03) Z nb nb) Ve

+ B3GRy Rysin(y, — ¢, + 9y) Zy=(by+ c11b4 — 14)/\/5—'1’

+ T,R,R,R;cos(g, + 0, — ¢3) Zy=(—by+c,yb,— 02111)/\/;1-

+ B, R, R, Rysin(g, + ¢, — 9) From (9) the conditional probability distribution (10) is
+ T,G,G,G;cos(y, + v, — v3) obtained by application of standard techniques:

+ B4 Gl GZ GJ Sin(WI + Y, — WJ) P((pl, @25 D3y Y15 Yps W3|R,', G,', i= 1, 2, 3)

+ T3R,G,Gycos(p, — v, + ¥3)

1 3
: ~—ex [R,G; A, cos(9; + w;— &)
+ B3R, G,Gysin(p, — y, + y3) L P ,; y 008 (@ + ¥ — &oi)

+ T,G,R,G;cos(y, — 0, — ;) + G,G,R; A, cos(y, + w, + 9, — &)
+ B, G, R, G;sin(y, — 0, — v3) +R,G,R3A,c08(p, — v, — 0;— &)
+ T,R,R,G,cos(9, + ¢, + y3) + G, R,R A cos(y, — @, + 9, — &)

+ Ry R, R34, c08(9, + 0, — 93— &)

+ G,G,GyA,cos(y, + w, —wy, — &)
+ R, G,G3A;5c08(9, — ¥, + Y3 — &3)
+ G RG34, c08(y; — 0, — Y3 — &)

+ B, R, R, G,sin(p, + 9, + y3) |, 9

where
Ci=[1_(c%i+c§1)]29 i= 1’2’ 3’

Ty =2(c,38,— 38— Sn)/\/‘;s, + R,R,G;A,cos(p, + 9, + w3 — &)}, (10)
T, =2(c;3S¢ + €33 S5 — S5)/v/¢3»
’ e T T y \/_3 where L is a constant whose value is not critical for our
T3=2(c3Ss— ¢3S — Ss)/\/c—'s’ purposes,
T, =2(ci3 S, + Cp3 83— S)/\/e3 PG o ___C
;= , cos &y S —
31:2(C1354+023S2_Ss)/\/5_'3s 0 ¢ (¢} + 22
32:2(01358_0236‘6—’87)/\/;3’ . Cy .
sin 501-22—21/2, 1= 1, 2, 3;
By=2(c;3S; + cz3Ss—S8)/\/E3, (el +c3)
B,=2(c;38; — ¢3S, — S)/\/cs A;=(T?+ B)"2, cos &=T,/(T? + B)"?,

Sl = (_22 + 91223 - 92227)/\/6—'2a sin fl = B,-/(T,-2 + Blz)m, i= 1, 2, 3, 4,
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It may be noted that 4,, are terms of order 1/(N),
while the other terms, 4;, are of order 1/\/N (however,
the 4;’s may have large moduli).

4. Some useful conditional probability distributions

For practical applications it is useful to know the
conditional probability distributions of the various @,
given the six magnitudes R, R,, R;, G|, G,, G;. Some
probabilistic considerations will be made for the
conditional probability P(®,IR,,G;, i = 1,2,3) which
are also valid for the other distributions P(®,IR;, G,,
i=1,2,3).

We will use in this section the function D(x) =
I,(x)/I,(x), where I, and I, are the modified Bessel
functions of order zero and one, respectively, according
to the following notation:

D,=D(4,R,G)),
D, =D(A4y;R,G,).

D,=D(Ay,R,G,),

(@) The conditional probability P(®,|R,,G,,i=1,2,3)
We obtain

1
P(¢”...)’ZT(!2)
0 1

where 2, = [62 + y2]V?,

8,=[G,G,R3A4,cos & + R,G,R;4,D, cos(&, — &)
+ G R,Ry; 4, D, cos(& + &,)
+ G,G,Gy4,Dycos(&, + &)
+ R, R,R;4,D D, cos(&, — &, — &)
+R,G,G34,D,Dycos(&— &, — &)
+ G R,G34,D,D;cos(¢, + &, + &)
+R,R,G;4,D,D, D,
x €08 (&, — & — & — &)l

1, =[G,G,R,4,sin &, — R,G,R;4,D,sin(§ — &)
+ G,R,R,4,D,sin(& + &,)
+ G,G,G;A4,Dysin(&, + &;)
—R,R,R34,D, D, sin(&, — &, — &)
—R,G,G34;D, Dysin(& — & — &)
+ G,R,G;4,D,D;sin(¢, + &, + &)

expl£, cos(P, — w,)],

—R,R,G;A4,D,D, D,
X sin(&; — &y — &2 — &3);
cos w, = 6,/02,, sinw,=1y,/0,.
w,, the expected value of @,, may lie anywhere

between O and 27 The reliability of the phase
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indication @, = w, may be very high even for large
structures because it depends on eight contributions all
of order 1/4/N.

(b) The conditional probability P(®,|R;, G;,
i=1,2,3)*

We obtain

P(®,...) exp[, cos(®, — w,)],

" 2n,(2))
where 2, =[62 + y212,
6,=IR,R,R;4,cos & + G,R,R;4, D, cos(&, — &)
+R,G,R;4,D, cos(&, + &)
+ R, R, G4, Dy cos(é — &)
+R,G,G 4,D,D,cos(&; + &, — &)
+ G,R,G;4,D,Dycos(& — &, + &)
+ G,G,R;4,D, D, cos(&, — &, — &)
+G,G,G;4,D, D, D,
x c08(&y — & — &z + oyl
74=I[R,R,R A, sin & — G, R,R A D, sin(& — &)
+ R,G,R,4,D,sin(¢, + &)
+ R,R,G, A, D;sin{¢, — &)
+ R, G,Gy4; D, Dysin(& + &y, — &o3)
— G, RG34, D, Dysin(§, — &1 + Sp3)
—G,G,R;4, D, D, sin(&, — &, — &)
—G,G,G,4,D, D, D,
X sin (&, — & — &2 + &)l

cos w, = 6,/0,, sin w,=7y,/0,.

(c) The conditional probability P(g;l...) or P(y,l...)

In the usual applications of direct methods a phase
@, is assigned when at least one pair of phases ¢, and
@y . « and three moduli are a priori known. The theory
developed in this paper suggests that a larger variety of
a priori information may be conceived. Some examples
are described below in order to show how different may
be the conclusive formulae in different situations. For
the sake of simplicity, in the examples we constantly
assume that the six magnitudes are a priori known.

Let us suppose that ¢, and ¢, are known but ,, y,,
v, are unknown. Then ¢, may be assigned by means of
the von Mises distribution

*The other conditional probability distribution equations
P(®;IR.. G, i = 1,2, 3) have been deposited with the British Library
Lending Division as Supplementary Publication No. SUP 38435 (7
pp.)- Copies may be obtained through The Executive Secretary,
International Union of Crystallography. 5 Abbey Square, Chester
CH1 2HU, England.
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P(p,l...) ~ exp{f, cos(p, — 7, — w,)} (11)

1
2nl\(82,)

where 7, = —¢, + ¢;. 2, and w, are defined below. A
different formula must be applied for the estimation of

9,, when @,, 05, ¥, v,, y, are all a priori known. We
obtain

P(p,l...) ~ ————exp{2; cos(p, — wy)}  (12)

I
27l,(£2)
where 2} = [0 + ;%]

0; =[R,G, A4y cos(y, — &)
+ R, G,R;4,cos(w, + 95 + &)
+ R, R,Ry4,cos(p, — 9;— &)

+ R,G,G;A;co8(y, — w3 + &)

+R,R,Gy4,co8(p, + 3 — &),

Ve =I[=R, G, 4 sin(y, — &)
+ R, G,R A, sin(y, + 93 + &)
—R,R,R A, sin(p, — ¢, — &)
+R,G,GyAysin(y, — y; + &)
—R,R,G,A,sin(p, + v, — &),

cos wy = 6}/92,, sin w,=y)/02,.

As a final example we suppose that ¢,, ¢,, ¥, y, are
known a priori and y, is unknown. Then ¢, may be
estimated via the von Mises distribution

P(p,l...) =

~— 13
27l o($2)) =

exp {2y cos(p, — wi)},

where Q) =[6;'* + y;"*12,
0)'=1G,G,R;4,D,cos(y, + p;— & + &)

+ R, G, R 4, cos(y; + 93 + &)

+ G Ry,R3A; D, cos(p, — o3+ &5 —

+ R RyRyA cos(p,— 93— &)

+G,G,Gy4, D cos(y, — w3 — & + &)

+R,G,GyA;co8(y, — w3 + &)

+ G RG34, D, cos(p, + y3 + &, —
=&l
%' =[G, Gy RyA, Dysin(y, + 93— & + &)

+ R, G, Ry A, sin(y, + 93 + &)
—G,R,R;4,Dsin(p,— ¢; + & —
— R\ R, R4, sin(g, — 93— &)
+G,G,Gy34,D,sin(y, —y; — & —

éOl)

$o1)
+ R,R,G,A,cos(¢, + v,

Gor)

So1)
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+R,G,G3A4,sin(y, — w; + &)
—G,R,G;A,D;sin(p, + y; + &, —
—R,R,G,A,sin(p, + y; — &),

cos w) = 6y/QY, sin w} =7y)/02}.

Sor)

Equations (11), (12) and (13) are very different from
one another. Indeed, @, contains a_term of order
I/(N)® and four terms of order 1/\/ﬁ, while 2, and
2} (2, # $2)) contain only terms of order l/ﬁ
Other examples may be easily conceived. It is clear
now that different amounts of a priori information
produce different probabilistic formulae which, in their
turn, may be readily obtained by standard techniques
via the distribution (10).

5. Conclusive remarks

While this paper was under examination by the referees
the paper by Hauptman (1982) on the same subject
appeared in Acta Cryst. A comparison between the two
papers is mandatory.

The following may be observed:

(a) In spite of the quite different notation, the
conclusive formulae coincide. That is not surprising:
indeed this time Hauptman preferred to use, according
to our habit, the atomic positions as the primitive
random variables. Two incongruities (probably clerical
errors) were found in Hauptman’s paper: (1) on p. 636,
where p; is defined, the line

- (CH CK CL
should be replaced by
Cuxill = (C, CxC + Cy Sk Sy

- CHSKSL

Cpuxill

(2) on p. 637, where Cj is defined, the line
+ &+ §) + RiR;R;5cos §,]
should be replaced by
+ &+ &) + RiR,R;cos §,).

(b) The conclusive formulae estimating triplet in-
variants are unimodal and are not in complete
agreement with some probabilistic results by Heiner-
man et al. (1978). We cannot conclude that those
results are wrong because in our approach, as in
Heinerman et al’s approach, a number of approxi-
mations were introduced which may be responsible for
the disagreement. For example, a critical point in our
mathematical approach (as well as in Hauptman’s
procedure) is the passage from (10) to the various
conditional probability distributions P(®;IR;, G;,
i = 1,2, 3). We had to integrate exponential expressions
containing a term of order N° and several terms of
order N=V2, In order to obtain simple final distri-
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butions we approximated the terms of order N~V2 by
the formula ¢ ~ 1 + x without considering the fact
that, when anomalous dispersion is present, terms of
order N-Y2 may be numerically equivalent to the
N'order terms. The final formulae estimating @; were
von Mises distributions but it is very likely that the true
distributions are not of von Mises type.

(¢) Hauptman’s and our procedure estimate triplet
invariants via the joint probability distribution of six
structure factors. In principle the approach is more
general than Heinerman et al’s (1978) procedure,
which only involves triple-product magnitudes. On the
other hand, with respect to the classical algebraic
methods, it is able to exploit the positivity of the
electron density. This property probably helps to
overcome the (o, 7 — o) ambiguity, at least from a
formal point of view. New efforts in the field will
probably lead to more efficient formulae.

(d) Using the presumed known coordinates of the
ferrodoxin from Peptococcus aerogenes (Adman,
Sieker & Jensen, 1973), which crystallizes in P2,2,2,
with M, ~ 6000, we calculated 3328 structure factors
up to 2 A resolution. The eight iron atoms in the
molecule were assumed to be anomalous scatterers
with f7 = —1-18 and /" = 3:20. Our results suggest
the following considerations: (1) for a given triplet the
275, i = 1, ..., 8 are slightly different from one
another. For example, for the case R,, G, = 2-44, 2-81,
R, G, =2.33,2.42, R, Gy, = 1-65, 200, 2, =
2-22 always for i = 1, 2, ..., 8. This is mainly because
D, ~ 1 always, { = 1, 2, 3. Thus all the @;s
corresponding to a given triplet are estimated with
about the same reliability. Such behaviour may mainly
be due to the reason discussed in (b); (2) the @’s can in
principle be estimated everywhere between O and 27,
but the majority are actually estimated around 27z. That
may be because (I, — F!/(I, + 7)) is small
(Parthasarathy, 1967) when many identical anomalous
scatterers are present. This situation favours estimates
of the @;’s around 2m;* (3) the accuracy with which
triplet phases are appraised is overestimated (see also
Table 2 in Hauptman’s paper). This may depend on the
numerical  approximations  discussed in  (b).
Hauptman’s results seem more accurate than ours, but
all his calculations are carried out with double precision
(approximately 15 significant digits) and error-free
diffraction data. Our calculations were made by
rescaling error-free diffraction data by a standard k
curve. Our opinion is that the efficiency of the formulae
is remarkably influenced by the scaling and nor-
malization procedures of the diffraction data.

The author is indebted to Dr J. Kroon who strongly
encouraged him to venture on this work. Many thanks

* Even when the triple phases are far from 27

ESTIMATION OF TWO-PHASE AND THREE-PHASE INVARIANTS IN PI

are due to Dr G. L. Cascarano for helpful discussions:
he also wrote a computer program and performed
calculations summarized in § 5.

APPENDIX

Parthasarathy & Srinivasan (1964) denote by P > 1
the number of anomalous scatterers of the same type in
the unit cell, and by Q the number of non-anomalous
scatterers. Following their notation we write

P Q
P= X S =X fd K=RI
i=1 j=1
where k" depends on |hl.
Our ¢, ¢, and ¢ are defined as
2 2 Ln2 42
_ o, +0,— k"0,
1= ’
a2+ o} + k" a?
" 2
o 2k" o
2= s
o) + a5+ k"*a}
12 22 22
\/- _ 4k"*0; 0,
(6; + a} + k"% a})?
Parthasarathy & Srinivasan obtain, for

o | F 12— 1F_ 17
4k" op 0,

the following distribution:
P(x) =2 exp(—2x). (41

Since 4, = 2x our distribution (8) coincides with (41).
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